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Abstract. We prove a Beurling-Helson type theorem on modulation spaces. More 
precisely, we show that the only C 1 changes of variables that leave invariant the 
modulation spaces A4 p,q (M. d ) are affine functions on M. d . A special case of our result 
£h ! involving the Sjostrand algebra was considered earlier by A. Boulkhemair. 
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Given a function denned from the torus T to itself, let 0* be the change of 
^ variables defined by 

(1) (f)*( U ) =UO(f) 

for any function u defined on T. 

In 1953, A. Beurling and H. Helson proved that if is continuous from T into 
■ itself and if 0* is a bounded linear operator on the Fourier algebra A(T) = A\(T) of 

absolutely convergent Fourier series, then necessarily 0(t) = kt + (f)(0) for some fcgZ 
PP. The proof of this result involved some nontrivial arithmetical considerations. A 
different proof was given by J. -P. Kahane [15]. The Beurling-Helson theorem was 
later extended to the higher dimensional setting by W. M. Self |17j . More recently, 
V. Lebedev and A. Olevskii [16] further extended and generalized the Beurling-Helson 
theorem. In particular, for d > 1 and 1 < p < oo let A p (R d ) = jFL p (M d ) equipped 
with the norm H/H^p — where T is the Fourier transform defined by T j[uS) = 

= f Rd f(t) e ~ 2nit ^ dt. It was proved in [16] that if : R d -> R d is C\ and if 0* 
maps A p (M. d ) into itself for some 1 < p < oo, p ^ 2, then 4>(x) = Ax + 0(0) where A 
is a real invertible d x d matrix. In this higher dimensional setting, the case p — 1 
was already proved in [T7]. Observe that since A 2 (R d ) = J"L 2 (lR d ) = L 2 (R d ), the 
class of functions such that 0* is bounded on A 2 (R d ) is quite large. For instance, 
for any homeomorphism on T such that _1 satisfies the Lipschitz condition, 0* is 
bounded on ^(T), and a transference argument can be used to prove similar result 
for A 2 (R d ). 

In this note, we shall characterize the C 1 changes of variables that leave invariant 
the modulation spaces (to be defined below). In particular, our result applies to a 
special subspace of the Fourier algebra called Feichtinger algebra. This space denoted 



oo 
o 



Date: February 2, 2008. 

2000 Mathematics Subject Classification. Primary 42B15; Secondary 42A45, 42B35. 
Key words and phrases. Beurling-Helson theorem, changes of variables, Feichtinger algebra, 
Fourier multipliers, modulation spaces, Sjostrand algebra. 

1 



2 



K. A. OKOUDJOU 



So was introduced by H. Feichtinger [5] and is the smallest Banach algebra that is 
invariant under both the translation and the modulation operators. Moreover, the 
Feichtinger algebra is an example of a modulation space and plays an important role 
in the theory Gabor frames [TT]. In fact, the modulation spaces have also been playing 
an increasing role in the analysis of pseudodifferential operators [121 131 120]. Fur- 
thermore, a Banach algebra of pseudodifferential operators known as the Sjostrand 
algebra, denoted S^, and which contains the Hormander class Sq , was introduced 
independently by Feichtinger [6] and J. Sjostrand [T8] . This space is yet another 
example of a modulation space. We refer to [7] for an updated version of [B] which 
contains some historical perspectives on the modulation spaces. In 1997, A. Boulkhe- 
mair [I] proved that if is a C 1 mapping on M. d such that (p* maps S w into itself, 
then <fi must be an affine function: This is a Beurling-Helson type theorem for the 
Sjostrand algebra. It is therefore natural to seek a characterization of the changes 
of variables that leave invariant modulation spaces. The goal of this note is to ex- 
tend and generalize this Beurling-Helson type theorem to all the modulation spaces. 
The main argument in the proof of our result is the fact that the intersection of a 
modulation space with the space of functions with compact support coincides with 
the subspace of compactly supported functions in A p (M. d ) = J r L p (M. d ). The proof of 
this fact as well as the definition of the modulation spaces will be given in Section [2J 
Finally in Section [3] we shall prove our main result. In the sequel, we shall denote by 
| A | the Lebesgue measure of a measurable subset A of M. d . 



2. Preliminaries 

2.1. Modulation spaces. The Short-Time Fourier Transform (STFT) of a function 
/ with respect to a window g is 



V g f(x,y)= / f(t)g(t-x)e- 2 ^ t dt, 

whenever the integral makes sense. This definition can be extended to / G <S'(R d ) 
and g G 5(lR d ) and yields a continuous function V g f, see |llj . 

Definition 1. Given 1 < p,q < oo, and given a window function ^ g G S, the 
modulation space A4 p,q = _M p,g (lR d ) is the space of all distributions / G S for which 
the following norm is finite: 

(2) \\f\\ MM =(f ([ \V g f(x,y)\vdxY P dy) \ 

with the usual modifications if p and/or q are infinite. 

Remark 1. The definition is independent of the choice of the window g in the sense 
of equivalent norms. 

The modulation spaces were originally introduced by Feichtinger [6]. We refer to 
[TT] and the references therein for more details about modulation spaces. 
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The Feichtinger algebra Sq which coincides with the modulation space Ai 1,1 (R d ) is 
a Banach algebra under both pointwise multiplication and convolution. Furthermore, 
A4 1 ' 1 (M d ) like M p ' p (R d ) 1 < p < oo is invariant under the Fourier transform [5], El [9]. 

While the Beurling-Helson theorem completely classifies the changes of variables 
that operate in Ai(T) (and also on Ai(IR)) it was still unknown what changes of 
variables operate on the Feichtinger algebra and more generally on the modulation 
spaces. This question will be completely settled below. 

2.2. Local modulation spaces. The theory of modulation can be defined in the 
general setting of locally compact Abelian groups [7J. In particular, it can be shown 
that for G = Z d (or any discrete group), M p ' q (G) = £ P (G). Similarly, if G = T d 
(or any compact group), M. p ' q {G) = .FL^G). Here we focus on functions that are 
locally in a modulation space. 

In the sequel we shall denote by A4 p ' q mp (R d ) the subspace of A4 p ' q (R d ) consisting 
of compactly supported functions, and by A4ff c (R d ) the space of functions that are 
locally in M p ' q (R d ). In particular, u G M p f c (R d ) if and only if for each g G C^(R d ) 
with supp(g) C K where K is a compact subset of R d , we have % = g u G A4 p,q (R d ), 
i.e.,u K eM™ mp (R d ). 

(J r L 9 ) comp (M d ) and (J 7 L q ) loc (M d ) are defined similarly. 

The next result contains the key argument in the proof of our main result. We wish 
to point out that some special cases of the result are already known. For instance, the 
result was proved for M°°^(R d ) in [4, Theorem 5.1], while [9] dealt with M p ' p (R d ) 
1 < p < oo. Furthermore, an independent and different proof of part b. of Lemma [T] 
using convolution relations on generalized amalgam spaces was indicated to us by 
H. Feichtinger [TU] . 

Lemma 1. Let 1 < p, q < oo. Then the following statements hold 

a. M p J mp (R d ) = (FL q ) comp (R d ). 

b. MZ{R d ) = (WWM. 

Proof. We shall only prove part a. of the result as part b. follows from the definition 
ofM p f c (R d ). Furthermore, to prove a. it suffices to show that given a compact subset 
K of R d M p ' q (R d )\ K = ^^(R^Ik. Note that this last equation holds not only as 
set equality, but also as equality of Banach spaces with equivalent norms. 

Let R > be given and let u G !FL q (R d ) such that supp{u) C B R (0). Let 
g G C^°(R d ) with supp(g) C Br(0). Then, for each u G R d , V g u(-,u) is supported in 
B 2 r(0). Thus, using the fact that \V g u(x, u>)\ = \V g u(u>, —x)\ = |JF _1 (n ■ T u g)(x)\ we 
have the following estimates 

\\V g u{-,u)\\ LP < \B 2R {U)\ l lv\\V g u{-,u)\\ Laa 

= \B 2R (0)\ 1 ^-\u-TJ)\\l- 

< ^(O^II^-TJlUi 

< |5 2i? ,(o)| 1/p H*|£IM- 
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Consequently, || V g u\\ LP , q{R 2 d) < \B 2R (0)\ 1/p \\u\\ Lq{R d ) \\g\\ L i {R d ) , that is 
\\u\\M^(R d )\ BR(0) < C(R,p,q,d) \\u\\rL*<a*)\ Ba(!a y 

Thus, 

FL q (R d )\ BR{0) c M™(R d )\ BR(0) . 

For the converse, let R > be given and u G JA p,q (R d ) such that supp{u) C Br(0). 
Let # G C^{R d ) such that .9 = 1 on £? 2 .r(0). It is trivially seen that for all x G -Br(O) 
and for all £ G -Br(O), #(£ — x) = 1. Thus, for all u G M d and for x G -Br(O), 

u{v)xb r (o){x) = XB R (o)(x)V g u(x,u) = Xb r (o)(x) / u(t) e~ 2mt uJ g(t - x) dt. 

Jb r (o) 

Therefore, 

IB^O)] 1 ^!^)! = \\ X B R (0)(-)V gU (;U)\\ LP . 

Hence, ||u|| L , < IB^O)!"^^^!^,,, that is 

||w||^L 9 (Md)| Bji(0) < C(R,p,q,d) \\u\\ M p, q (Md)\ BR(0) . 
Therefore, M p > q {R d )\ BR (o) C W(R d )| Bjl ( ). We can now conclude that 

A^(R d )U fl(0) = W(M d )| Bfl(0) . 

□ 

3. Main results 

Before stating our main result, we wish to indicate that it is trivially seen that all 
the modulation spaces are invariant under affine changes of variables. That is, let 
1 < Pi Q < oo and <fi : R d — > lR d be an affine mapping, i.e., = Ax + 6 where A is 
a d x d real invertible matrix and b G M d . Then the linear operator 0* given by (0Q) 
maps 7W p ' 9 (lR d ) into itself, that is 

cf)*(M p ' q (R d )) c M p ' q (R d ). 

Indeed, let g G S and w G .M p ' g (lR d ), and g = g o A -1 where A -1 is the inverse of A. 
The result follows from 

V g <f>*(u)(x,u) = ^e-^-^V.uiAx + b, (A*)' 1 ^) 

where A* denote the conjugate of A. 

If we restrict our attention to the modulation spaces Jli p ' p (R d ) 1 < p < oo the 
following stronger result can be proved. For Proposition [1] we assume that R d = 
UfcLiQfc where for each k, Qk is a (possible infinite) "cube" with sides parallel to the 
coordinates axis. Moreover, we assume that for k = 1, . . . , N the QkS have disjoint 
interiors. 
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Proposition 1. Let <fi be a continuous on M. d such that for k = 1, . . . , N, the restric- 
tion (pk °f 4> t° Qk is an ajfine function given by 4>k{x) = A k x + b k where A k is a real 
invertible d x d matrix and bk € M. d . Then the linear operator <fi* given by (fH) maps 
M p ' p (M. d ) into itself, that is 

(f)*{M p ' p {M. d )) C M p ' p (R d ). 

Proof. It is evident from the definition of the modulation spaces that Ai p,p is invariant 
under the Fourier transform, see [8j [9]. Let u G A4 p,p (M> d ), then 

N N 

(j)*(u) = U O (j) = ^ XQ k ■ (U ° <t>) = X ^ ' ( U ° 
k=l k=l 

and so 

N 

fc=l 

As indicated above, u o c/) k e M p,p . Hence, v k = T~ x {u o <p k ) e M p ' p (M. d ) as well. 
Moreover, note that XQ k is a bounded Fourier multiplier on all A4 p,p (M. d ): this follows 
from [2, Theorem 1] in the case d — 1, and from [31 Theorem 6] when d > 1. 
Consequently, using the invariance of Ai p ' p (R d ) under the Fourier transform, we 
conclude that there exists c k > such that 

WXQu ■ {uo (j) k )\\ M v,P = W^iXQk ■ V^Wmp* < c k \\u\\mP'P, 
from which the proof follows. □ 



Remark 2. The conclusion of Proposition [T] holds if we used an infinite decomposition 
of R d , that is if we assume that M. d = W^ =1 Q k where the cubes Q k still have sides par- 
allel to the coordinate axis and disjoint interiors. In this case, the extra assumption 
needed to prove the previous result is that the constants c k appearing in the above 
proof, are uniformly bounded, i.e., sup fc c k < oo. 

We are now ready to state and prove our main result. 

Theorem 1. Let <f> : M. d — ► M. d be a C 1 function. Assume that the operator <fi* 
defined by (pQ) maps M p ' q (R d ) into itself, i.e., (j)*(M p ' q (R d )) C M p ' q (R d ) for some 
1 < Pi Q < OO; with 2 ^ q < oo. Then <f> is an afftne mapping, that is (j){x) = Ax+(p(0) 
for some real invertible d x d matrix A. 

In particular, the Feichtinger algebra A / f 1,1 (lR d ) is preserved by, and only by affine 
changes of variables. 

Proof. Because (f)*(M p ' q (M. d )) C M p ' q (R d ) and <p*{u) = u o <p is compactly supported 
whenever u is, Lemma [T] implies that (j)* maps Ai^L^ (M. d ) = (J r L q ) comp (M. d ) into itself 
as well as M?£{R d ) = (FLi) loc (R d ) into itself. Therefore, 

when d = 1 and q = 1, the Beurling-Helson Theorem [TJ pp. 84-86], implies that 
4>(x) = ax + 0(0); 

when d = 1 and 1 < q < oo, q ^ 2, it follows from [T6J Theorem 3] that (f>(x) = 
ax + 0(0); 
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when d > 1 and q — 1, it follows from [TT1 Corollary 1] that 0(:r) = Ax + 0(0), 
where A is a real invertible d x d matrix; 

when d > 1 and 1 < g < oo, g ^ 2, it follows from [161 Theorem 6] that 0(x) = 
Ax + 0(0), where A is a real invertible d x d matrix. □ 

Remark 3. The fact that q ^ 2 in Theorem [1] was justified in the Introduction. 
Moreover, we restricted to q < oo, because the key ingredients in the proof of our 
main result are [16j Theorem 3, Theorem 6] whose proofs are based on a density 
argument. It is not clear to us if Theorem [1] holds for q = oo. 

Remark 4. Using Lemma[T]and [16], pp. 214], it follows that if <fi : M> d — > M. d is nonlinear 
and C 2 , then <fi* is not bounded on A4 p,q . This fact together with Proposition [TJ show 
that the C 1 condition in Theorem [1] is the only nontrivial smoothness condition to 
impose on 0. 

For the Sjostrand algebra which coincides with the modulation space J\A°°' l (JBL d ), 
Theorem [TJ was proved in under a weaker assumption on cf>. More specifically, it was 
proved in [4J Theorem 5.1] that if (ft is a proper mapping, i.e., 4> is continuous on M. d 
and _1 (K) is a compact set for any compact subset K of M. d , and if (j)*(Ai oc,1 (M d )) C 
M.°°' 1 (M. d ) then 4>{x) = Ax+4>(0). It is also straightforward to prove Theorem [1] under 
this weaker assumption on cj). 

Finally, we wish to conclude this paper by pointing out the connection of our main 
result to certain Fourier multipliers. More precisely, let a be a function defined on 
M. d . The Fourier multiplier with symbol a is the operator H a initially defined on S 
by 

H a f(x)= [ niUKU'^'dC 

We refer to [19] for more on Fourier multipliers. As mentioned above, there is a strong 
connection between the L p -continuity of the Fourier multipliers and the Beurling- 
Helson theorem. In particular, the family of homomorphisms e % ^ on the space 
of IP- Fourier multipliers was investigated by Hormander in [TJl Section 1.3]. It is 
easily seen that cr (^) = e^, then H ao is bounded on all L p {R d ) for 1 < p < oo and 
d > 1. Hdrmander proved that if : R d -> R d is C 2 and if 0*(<r o )(f) = ^o(<KO) = 
is a bounded Fourier multiplier on L p (K d ) for some 1 < p < oo and p ^ 2, 
then (p is an affine function [HI Theorem 1.15]. It is interesting to note that there 
exist nonlinear (non-affine) functions on M. d such that the Fourier multipliers with 
symbols </>*(cro)(0 = °o(<KO) = e are bounded on all modulation spaces [3]. 
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